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Herbrand’s theorem and extractive proof theory
Ulrich Kohlenbach?

1. Extractive Proof Theory: New results by logical analysis of proofs

Proof theory has its historic origin in foundational issues centered around
(relative) consistency proofs (Hilbert's program). Since the 1950's Georg Kreisel
pushed for a shift of emphasis in proof theory towards the use of proof theoretic
transformations (as developed in the course of Hilbert's program) to analyze given
proofs P e.g. of ineffectively proved V3-statements C with the aim to extract
new information on C that could not be read off from P directly. Herbrand's
fundamental theorem plays an important role in this development. The general
situation is as follows:

Input: Ineffective proof P of C

Goal: Additional information on C:

— effective bounds (e.g. on the number of solutions of an ineffectively proven
finiteness theorem, see theorem 1.9) or effective rates of convergence in nonlinear
analysis (see sections 4 and 5),

— algorithms for computation of actual solutions of ineffectively established ex-
istential statements,

— continuous dependency or full independence from certain parameters (e.g.
rates of convergence or stability for iterative processes in fixed point theory and
ergodic theory that are independent from parameters such as the starting point or
the function being iterated, see remark 5.3 below)

— generalizations of proofs: weakening of premises (e.g. replacing boundedness
assumptions by bounds on the rate of growth, see corollary 4.4 below).

In this article, when we use terms like ‘computable’ or ‘decidable’ for functions
f: N — IN or subsets A C IN we always refer to the standard notion of com-
putability as developed by Herbrand, Godel, Church, Turing, Kleene and others.
Herbrand’'s important role in this development is nicely explained in Coquand’s
contribution to this volume ([5]).

Now let C =Vx € N3y € N F(x,y).

Naive Attempt: try to extract an explicit computable function f realizing
(or bounding) ‘Jy € N': ¥x € N F(x, f(x)).

Unless some restrictions on F are imposed this naive attempt in general fails as
the following counterexample shows:

Proposition 1.1. There exists a sentence A = ¥x3yVz Agr(x, y, z) in the language
of arithmetic (Agr quantifier-free and hence decidable) such that
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30 U. KOHLENBACH

— A is logically valid,
— there is no computable bound f s.t. Vx3y < f(x)Vz Agr(x,y, z).

Proof: Consider any undecidable but semi-decidable predicate Q(x) = Jy €
IN P(x,y) (P may even be taken as a primitive recursive predicate as in the Halting
Problem for Turing machines or — if x, y are replaced by tuples of variables and one
uses Matiyasevich's diophantine representation of semi-decidable sets — even of the
form p(x,y) = 0 with p € Z[x, y]). Now consider the logically valid sentence

A:=Vx e N3y € Nvz € N (P(x,y) V -P(x, z)).

Let f : N — N be a bound on 'dy € IN', i.e.
Vx € NIy < f(x)Vz € N(P(x,y) VvV =P(x, z)).

Then f is not computable since, otherwise, we could use f to decide Q(x). O

However, one can obtain computable bounds and even finitely many witnessing
candidates (and so by case decision functions also realizing function(al)s) for a
weakened version A" of A (which, however, is equivalent to A w.r.t. provability in
first order theories that do not mention the index function(s) referred to below in
their axioms).

Every formula A can be written in a logical equivalent form which has all quantifiers
lined up in front of a quantifier-free formula (a so-called prenex formula). For the
issues discussed in this paper only the alternations of quantifiers (between V and 3)
but not the length of blocks of equal quantifiers matter. Hence we will notationally
identify single quantifiers and blocks of the same quantifier. Moreover, all relevant
phenomena already show up for formulas of rather limited logical complexity. In
the following, we will, therefore, restrict ourselves to the formulas mentioned in the
next definition:

Definition 1.2. Let A = 3x;Vy13xVy2 Agr (X1, ¥1, X2, y2) with Ags being quantifier-
free. Then the Herbrand normal form of A is defined as

Al = Ax1, x0Agr (x1, F(x1), X2, g (X1, %2)),
where f, g are new function symbols, called index functions.

Note that for purely existential sentences (and similarly for pure V3-sentences
once the V-quantifier is treated either as a parameter or replaced by a fresh constant
understood as a 0-place index function) A and A" coincide.

In the following, let PL_— denote first order logic (without equality).

Remark 1.3. A" is nothing else but the negation of the so-called Skolem normal
form of the negation

VXl E|y1VX2E|y2 _‘Aqf
of A as discussed in section 4.3 of Coquand’s article [5] in this volume.
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We now consider again the sentence (either as a sentence of first order logic
with P as some binary predicate symbol or read in the language of arithmetic with
a concrete primitive recursive P s.t. Jy € IN P(x,y) is undecidable)

A=VxIyVz(P(x,y) V -P(x, z)).

Whereas (as shown above) for A we not even have a computable bound on ‘Jy’,
for the Herbrand normal form A" of A

AP =Ty (P(x,y) V ~P(x,g(y)))

one can construct a list (of fixed finite length — in the case at hand of length 2 -)
of candidates (uniformly in x, g) for ‘Jy’, namely (x,g(x)) or (c,g(c)) for any
constant ¢ s.t.

AP = (P(x,c) v =P(x,g(c))) V (P(x,g(c)) V ~P(x, g(g(c))))

eTAUT

is a tautology.

A tautology still is a tautology when one replaces all occurrences of a term s by a
variable y. So if we substitute all g-terms by fresh variables replacing bigger terms
first, i.e. g(g(c)) by z and then g(c) by y, then the result

AP .= (P(x,¢) V=P(x,y)) V (P(x,y) V =P(x, z))

still is a tautology.

From AP we can derive A by a so-called direct proof:

P(x,c)V =P(x,y)V P(x,y) V =P(x, z)
|} (V-introduction)
P(x,c)V=P(x,y)V VZ(P(X,y) V =P(x, Z))
|} (F-introduction)
P(x,c)V =P(x,y) V3yWz(P(x,y) V =P(x,z))
|} (V-introduction)
Vz(P(x,c)V =P(x,z)) V 3yVz(P(x,y) V =P(x, z))
|} (F-introduction)
yVz(P(x,y) V =P(x,2)) VIyWz(P(x,y) V =P(x,2))
|} (contraction)
EIsz(P(X,y) V —\P(X,Z))
|} (V-introduction)
Vx3yVz(P(x,y) V —P(x,z))

Theorem 1.4 (J. Herbrand's Theorem (‘Théoréme fondamental’ [14], 1930)).
Let A= 3x1Vy13xVy2Agr (X1, y1, X2, ¥2). Then:

PL__ b A iff there are terms sy,..., Sk, t1,...,t, (built up out of the constants
and free variables of A — possible with the help of some default constant c in case
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A does not contain any constant or free variable — and the index functions used
for the formation of AH) such that

k n
AH.VD = \/ \/ Aqf(S,‘, f(S,‘), tjag(sl‘? tj))
i=1j=1
is a tautology. A":P s called a Herbrand Disjunction of A and the terms s;, t; are
called Herbrand terms.
Note that the length of this disjunction is fixed: k - n.

The terms s;, tj can be extracted from a given PL__-proof of A.

Replacing in A":D all terms ‘f(s;)’,'g(si, t;)' by new variables as indicated above

results in another tautological disjunction AP s.t. A can be inferred from AP by a
direct proof.

direct proof which does not contain any detours via formulas (‘lemmas’) of greater
quantifier complexity than A.

Corollary 1.5. Every PL__-proof of a sentence A can be transformed into a

Discussion:

(1) Herbrand's original proof was syntactic and provides an algorithm for the
extraction of the Herbrand terms from a given PL__-proof of A. However, two
lemmas in his proof need a correction as was discovered first by K. Godel in the 40's
(unpublished, see [13]) and in the 60’s by B. Dreben et al. [6]. After Herbrand's
work, alternative syntactic proofs were given by D. Hilbert and P. Bernays (using
Hilbert's e-substitution method) and by G. Gentzen (using his cut elimination
procedure for a sequent calculus formulation of PL__). Most textbook treatments
of Herbrand’s theorem nowadays are model theoretic and do not yield any term
extraction algorithm (with Shoenfield [32] as a notable exception).

(2) The forward direction in Herbrand's theorem immediately extends to logic
with equality PL and even open theories 7 (i.e. theories with purely universal
axioms only), where then the Herbrand disjunction is a tautological consequence
of finitely many instances of equality axioms (‘quasi-tautology’) and — in the case
of 7 — finitely many instances of the universal axioms. To get from such an
implicative tautology a proof of A in 7 (i.e. the converse direction) it is crucial
that the Herbrand index functions f, g are new not only w.r.t. A but also w.r.t.
T, i.e. do not occur in the axioms of 7. Already for logic with equality the
syntactic procedure to eliminate the f, g-terms in the Herbrand disjunction becomes
much more complicated if instances of f,g-equality axioms are used (see e.g.
Shoenfield [32]).

(3) Although Herbrand’s theorem constitutes a kind of reduction of predicate
logic to propositional logic this does not contradict the undecidability of the former
as there is no effective a-priori bound (depending only on A) on the number of
Herbrand terms needed but only bounds depending on the data of a given proof
P of A. In fact, as was first shown by Statman [35], the required number can be
extremely large and, in general, is superexponential in the basic P-data.

(4) Note that the Herbrand terms do not depend on the predicate symbols in A.
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We now give an example that illustrates that already extremely elementary proofs
(in open theories) can give rise to Herbrand disjunctions that are far from obvious.

Example (Ulrich Berger): Consider the open first order theory 7 in the language
of first order logic with equality and a constant 0 and two unary function symbols
S, f. The only non-logical axiom of 7 is Vx(S5(x) # 0) (e.g. think of x as ranging
over N including 0 and S as the successor function).

Proposition 1.6. 7 proves that 3x(f(S(f(x))) # x).
Proof sketch: Suppose that
Vx(f(S(f(x))) = x),

then f is injective, but also (since S(x) # 0) surjective on {x : x # 0} and hence
non-injective. Contradiction! O

Analyzing the above proof yields the following Herbrand terms since the sentence
in question is purely existential it is already in Herbrand normal form (though not
exhibiting the instances of the =-equality axioms needed): PL proves that

3

(S(s) #0) — \/(F(S(F(1)))) # t;),

Jj=1

where

t:= 0,1 := £(0), t3 := S(f(£(0))), s := F(£(0)).

Remark 1.7. For sentences A = Vx3yVz Aqgr(x, Y, 2), AP can always be written
in the form

Aqf(X, t1, bl) V Aqf(X, to, bz) V...V Aqf(X, tk, bk),
where the b; are new variables and the t; do not contain any b; with i < j.

Theorem 1.8 (Roth [31]). An algebraic irrational number o has only finitely many
exceptionally good rational approximations, i.e. for € > O there are only finitely
many q € N such that

R(q:=qg>1A3pecZ:(p,q) =1A|a—pqg | <qg .

Guided by Herbrand'’s theorem in the form of remark 1.7 and using ideas from
Kreisel [26], the following polynomial (in €) bound on the number of exceptionally
good rational approximation was obtained by H. Luckhardt based on a Herbrand
analysis of an ineffective proof of Roth’s theorem due to Esnault and Viehweg [7].
Previously, only exponential bounds had been known (this shows that logical meth-
ods not only can be used to obtain effective bounds ‘in principle’ but even to yield
clear-cut numerically improvements of known bounds).

Theorem 1.9 (Luckhardt [29]). The following upper bound on #{q : R(q)} holds:
7
#{q:R(q)} < ga’l log Ny, + 6 - 1032 log? d - log(50e 2 log d),

where N, < max(21log2h(«),2log(1+|al)), d = deg(«) and h(c) is the absolute
homogeneous height of c as defined in [3].
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34 U. KOHLENBACH

A similar bound was independently also obtained by Bombieri and van der
Poorten [4].

Towards generalizations of Herbrand’s theorem: allow functionals ®(x, f) in-
stead of just Herbrand terms. Let’s consider again the example (with decidable P)

A =Vx3yVz(P(x,y) V =P(x,2))).

AH can be realized by a computable functional (of type level 2) which is defined
by cases:

x if =P (x,g(x))

g(x) otherwise.

v(x.g) = {
From this definition it easily follows that

Vx,g(P(x, ®(x,8)) V =P (x, g(®(x, 8))))-

If Ais not provable in PL or in some open theory but only with a logically complex
instance of induction, then more complicated functionals are needed (Kreisel [25]):

Let (a,) be a nonincreasing sequence in [0, 1]. Then, clearly, (a,) is convergent and
so a Cauchy sequence which we write as:

(1) Yk € NIn € NYm € NVi,j € [n;n+ m] (Ja; — aj| <27%),
where [m;n+m]:={n,n+1,....,n+ m}.
Then the (partial) Herbrand normal form of this statement is
(2) Vk € NVg : N — N3n € NVi,j € [n;n+ g(n)] (Ja;i — aj| <27%).

By E. Specker [33] (‘Specker sequences’), there exist computable such sequences
(an) even in Q N [0,1] without a computable bound on ‘3n’ in (1). By contrast,
there is a simple (primitive recursive) bound ®*(g, k) on (2) (also referred to as
‘metastability’ by Tao [36]):

Proposition 1.10. Let (a,) be any nonincreasing sequence in [0,1]. Then
Vk € NVg : N — N3n < ®*(g, k)Vi,j € [n;n+ g(n)] (lai — aj| <27%),
where
3" (g, k) := £(0) with g(n) == n + g(n).
In fact, there exists an i < 2% such that n can be taken as g((0).

Remark 1.11. The previous result can be viewed as a Herbrand disjunction of
variable (in k) length (rather than of fixed length as in Herbrand’s theorem):

2k_1

V' (12500) = 300y <27°):
i=0

Corollary 1.12 (T. Tao's finite convergence principle, Tao [36]).
VkeN,g:N—=NIMeNVO<ay<...<a<1ldneN
(n+g(n) < MAVi,j€lnn+g(n)(lai —a] <27%)).

In fact, one can take M := 2")(0).
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2. Kreisel’s No-Counterexample Interpretation

Definition 2.1 (G. Kreisel [25]). Let A= 3x1Vy1 ... 3xpVYnAgr(X1,¥1,- - s Xns Yn)-
If a tuple of functionals ®1,...,®, realizes the Herbrand normal form A" of A,
ie. if

Aqf (@1(£)7 ﬂ(®1(£))7 MR ] @n(ﬁ)a fn(®1(£)7 MR ] (I)n(ﬁ)))

holds for all functions f = f1,...,f,, then we say that ®(= ®,,...,®,) satisfies
the no-counterexample interpretation (n.c.i.) of A.

Motivation for the name ‘no-counterexample interpretation’: Let A be as
above. Then —A is equivalent to

Vx13yi ... Vxp3yn—Agr (X1, Y15 - - s Xn, Vi)
So a counterexample to A is given by functions fi, ..., f, such that
() VX1, ooy xn 2 Agr (X, A(X1), ooy Xn, fa(X1y -, Xn))

holds. Hence functionals & satisfying the n.c.i. of A produce a counterexample
to (4) i.e. to the existence of counterexample functions f,. .., f,.

More information of the no-counterexample interpretation can be found in [10] and
— in particular — [22].

Problems of the no-counterexample interpretation: For principles F € 3v3
the n.c.i. no longer is ‘correct’ in the sense that the functionals sufficient to realize
the n.c.i. of F may not reflect the true complexity of extractable bounds from
proofs based on F (technically, this problem is due to the bad behavior of the
no-counterexample interpretation w.r.t. to the modus ponens rule). We now give
an example for the issue involved:

The Infinitary Pigeonhole Principle (IPP) is defined as follows:
Vn e NVf: N — C,3i < nvk € N3m > k (f(m) = i),

where C, := {0,1,...,n}. It is easy to show that (over weak fragments of arith-
metic) IPP implies the induction principle for induction formulas with one quanti-
fier and — consequently — can cause arbitrary primitive recursive complexity of
bounds extractable from proofs based on IPP. However, the n.c.i. of IPP

(IPP)" =Vn e NVf: N — CVF : C, — N3i < n3m > F(i) (f(m) =)
has a trivial solution:
M(n,f,F) :=max{F(i):i<n}and I(n,f,F):=f(M(n,f,F))

are realizers for ‘Im’ and ‘Ji" in (IPP)H.

Thus M, | do not reflect the true contribution of IPP to the complexity of bounds
extractable from IPP-based proofs, while functionals G, I satisfying the Godel func-
tional interpretation of IPP, discussed in the next section, do.
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3. Godel’s Functional Interpretation

In [12], K. Godel developed a much refined so-called functional interpretation
(originally for systems based on intuitionistic logic but combined with his negative
embedding of classical systems into intuitionistic ones also for systems based on
ordinary classical logic). This interpretation (we in the following tacitly always refer
to the combination of negative and functional interpretation) has the property that
the equivalence between A and its interpretation A® can be proved using the axiom
schema of choice only for quantifier-free formulas though in higher type function
spaces

QF-AC : VxP3y"™ Agr(x,y) — IYPTTUX? Agr(x, Y (x)).
Here the type N in xN is that of a natural number whereas for types p, T an object
fP~7 is a function from objects of type p to objects of type 7. We will not give any
details on the general definition of G but just reveal the G-interpretation of IPP:

(|PP) QQ;AC

Vne NVF:N— C3i < nJg: N — Nvk € N (g(k) > kA f(g(k)) = i)

F-AC
Qéﬁ

(IPP)S = { Vne NVF: N — CVK: Cox NN = N3i<ndg:N— N
B (g(K(i,g) > K(i,g) N f(g(K(i,g))) =i).

The construction of explicit functionals /(n, f, K), G(n, f, K) producing witnesses
for '3i < n" and ‘g : N — N’ is remarkably involved (see Oliva [30]). To
appreciate the complexity we invite the reader to come up with a solution just for
n =2 (i.e. the case with 3 ‘colors’).

For a thorough discussion of the functional interpretation of IPP and its relation
to the 'finitary infinite pigeonhole principle’ from Tao [36] see Kohlenbach [22].

General facts about Goédel's functional interpretation

— Functional interpretation was first developed for Peano Arithmetic PA as well
as suitable extensions PA“+QF-AC to higher type functionals and allows one to
extract primitive recursive programs of higher type (first considered by Hilbert
in 1926 [15]) from proofs of V3-theorems in PA“+QF-AC (Godel, Kreisel, Yasugi).
The modus ponens rule this time is treated without any complexity increase.

— Applied to plain logic PL, functional interpretation can be used for an extrac-
tion algorithm of Herbrand terms of optimal complexity (Gerhardy-Kohlenbach [8]).
In this sense, functional interpretation can be viewed as a generalization of Her-
brand'’s theorem.

— Seminal work of Spector [34] further extended Gédel’s functional interpreta-
tion to proofs in ‘full classical analysis’ A%, i.e. to proofs in PA“ augmented by
the full axiom schema of dependent choice DC. Then the extractable programs will
no longer be primitive recursive in general but so-called bar recursive functionals
(i.e. functionals defined by recursion over well-founded trees).

— The primitive recursive as well as the bar recursive functionals used in the
context of functional interpretation not only are computable but enjoy a strong
mathematical property called ‘majorizability’ due to W.A. Howard [16] (which fails
for general computable functionals). Making use of this fact one can apply a variant
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of functional interpretation (‘monotone functional interpretation’, Kohlenbach [18])
to extract highly uniform bounds from given proofs of pointwise existence results.

— Recently, (monotone) functional interpretation (based on a novel majoriza-
tion relation) has been applied to extensions A“[X,...] of A“ by abstract struc-
tures X such as arbitrary metric, hyperbolic, CAT(0), normed, uniformly convex or
Hilbert spaces and provides bounds which are uniform even in metrically bounded
parameters without any compactness assumption (Kohlenbach [19, 22], Gerhardy-
Kohlenbach [9]). In fact, all the applications mentioned in the next two sections
are based on this.

4. An application in Metric Fixed Point Theory

In the following

- (X,d, W) is a hyperbolic space in the sense of [19] (e.g. a convex subset
of a normed space),

- f : X — X is a nonexpansive mapping: d(f(x),f(y)) < d(x,y) for all
X,y € X,

— (An) is a sequence in [0, c] for some 0 < ¢ < 1 that is divergent in sum,.

— Xpt1 = (1 — Ap)xn @ Anf(xn) (Krasnoselski-Mann iteration).

Theorem 4.1 (Ishikawa [17], Goebel-Kirk [11]).
If (x,) is bounded, then d(x,, f(x,)) — 0.

Logical analysis of the proof of Ishikawa’'s theorem: Since the sequence
(d(xn, f(xn)))n is nonincreasing its convergence towards 0 can be expressed as
a V3-statement so that we do not need any Herbrand normal form here.

Let K € N and a: IN — IN be such that

a(n)
1
(An)nen € 0,1 — R]N and Vne N(n< > \).
i=0

A logical metatheorem from Gerhardy-Kohlenbach [9] that is based on a new exten-
sion of Godel's functional interpretation applied to the proof of Ishikawa’s theorem
yields (primitive recursively) computable ¥, ® s.t. for all / € IN and nonexpansive f

Vi,j < U(K,a,b,b,1) (d(x,f(x)) <bAd(x,%) <b) —
Vm > ®(K, o, b, b, 1) (d(xm, f(xm)) <27)

holds in any (nonempty) hyperbolic space (X, d, W). Note that the bounds depend
onx, f,(X,d, W) onlyvia b, b. To obtain the existence of such highly uniform com-
putable bounds one only has to verify that the proof of Ishikawa's theorem (as given
in [11]) can be formalized in a suitable formal system (extending A“ by (X, d, W)
as atom as discussed above). In fact, proofs of purely universal lemmas do not
need to be considered at all as those can be treated just as additional universal
assumptions. A somewhat closer look at the resources used in the proof (relative to
those lemmas) already yields a-priori the existence of primitive recursive bounds.
Moreover, the proof of the logical metatheorem from Gerhardy-Kohlenbach [9]
provides an actual algorithm for the extraction of explicit bounds from the given
proof. Applied to that proof in [11] this yields the following
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Theorem 4.2 (Kohlenbach [22]). Logical analysis of a proof from [11] yields an
explicit rate of convergence ® of (d(x,, f(x)) (depending only on K,a, b, b and
e = 27!) as well as quantitative information on ‘the amount of boundedness of (x,)’
needed.

More precisely, let (X, d, W), (\,), K be as above and f : X — X nonexpansive.
Then the following holds for all £, b,b > 0

If d(x,f(x)) < band Vi < ®Vj < a(®, M) (d(xi,xi1j) < b),
then Vn > @ (d(xa, f(xn)) <€),

where .
~ brexp( K- (32l 41
¢ :=®(K,a, b, b,¢) :=&<{ - p( (E Ca )>-‘ ;1,M>a
_ | 3b+tb
mi= [He2),
a(0, n) := &(0, n), a(i+1,n) := a&(a(i,n),n) with
a(i,n):=i+a(i,n) (i,neN)
with o s.t.2

Vine N((a(i,n) <a(i+1,m))A(n< > ).

For related results see Kohlenbach-Leustean [23].
Remark 4.3. If (\,) isin [%£,1— %], then we may take a(i,n) := K - n.

The above bound can be used in this case to weaken the assumption of (x,)
being bounded in Ishikawa’s theorem:

Corollary 4.4 (Kohlenbach [22]). Let (X\,) in [a, b] C (0,1).

If lim c(n) — 0, where c(n) := max{d(x, x;) : j < n}, then lim d(x,, f(xy)) =0.

n— oo n

The result is optimal: ¢c(n) < C - n for some C > 0 is not sufficient!

For a survey of numerous other applications of proof theory to metric fixed point
theory see [20].
5. An application in Ergodic Theory
Let X be a Hilbert space, f : X — X linear and nonexpansive. Define

An(x) := ! Sn(x), where S,(x) := > fi(x) (n>0).
i=0

n+1

Theorem 5.1 (von Neumann Mean Ergodic Theorem).
For every x € X, the sequence (An(x))n converges.

2 Such a function can easily be constructed from any unary function satisfying the previous

condition.
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As shown in Avigad et al. [1], even in simple cases there already is no computable
rate of convergence so that one has to consider the ‘metastable’ Herbrand normal
form of the Cauchy property as in the finite convergence principle (see (2) above):

Ve > 0Vg : N — N3nVi,j € [m;n+ g(n)] (||Ai(x) — Ai(x)]| <e).

The von Neumann Mean Ergodic Theorem was generalized in 1939 to uniformly
convex Banach spaces by Garrett Birkhoff [2] with a proof that nicely formalizes
in (a weak fragment of) the system A“[X,| - ||,n] (see the end of section 3)
to which functional interpretation applies.® In fact, a logical metatheorem from
Kohlenbach [19] based on functional interpretation guarantees the extractability of
a computable bound ® on ‘Jn’ that only depends on ¢, g, a modulus of uniform
convexity n of X and some norm upper bound b > ||x||. Running the extraction
procedure on Birkhoff's proof has led to following explicit bound:

Theorem 5.2 (Kohlenbach-Leustean [24]). Assume that X is a uniformly convex
Banach space, i is a modulus of uniform convexity and f : X — X is a nonexpan-
sive linear operator. Let b > 0. Then for all x € X with ||x|| < b,

Ve >0Vg: N — N3n< ®(e,g,b,n)Vi,j € [nyn+g(n)] (||Ai(x) — Ai(x)| < e),
where ~

(e, g, b,n) := M- hX(0), with

M= [2]y= g (), K= [2],

h, h: N — N, h(m) :=2(Mm + g(Mm)), h(m) := max;<m h(i).

If n(e) can be written as € - fj(e) with 0 < g1 < g3 — 7j(e1) < fj(e2), then we
can replace n by 7j and the constant ‘16’ by ‘8’ in the definition of -y in the bound
above.

Remark 5.3. Note that the above bound ® is independent from f and depends
on the space X and the starting point x € X only via the modulus of convexity 7
and the norm upper bound b > ||x||. Moreover, it is easy to see that the bound
depends on b and ¢ only via b/e.

Specialized to the case where X is a Hilbert space, theorem 5.2 yields the
following result which improves a prior bound (also guided by [19]) from Avigad et
al. [1] (see also Tao [37]):

Corollary 5.4 (Kohlenbach-Leustean [24]). Assume that X is a Hilbert space and
f : X — X is a nonexpansive linear operator. Let b > 0. Then for all x € X with
x|l < b,

Ve > 0Vg: N — N3n < ®(e,g,b)Vi,j € [mn+g(n)] (||[Ai(x) — Ai(x)|| <e),
where ® is defined as above, but with K := [5%”2—‘

Acknowledgement: | am grateful to E.M. Briseid and L. Leustean for helpful
comments on an earlier version of this paper.

3 Also in 1939, E.R. Lorch [28] extended the Mean Ergodic Theorem to general reflexiv Banach
spaces but his proof is less suited for a logical analysis.
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