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e have all seen how illuminating it can be to view something, even
W something one knows very well, from an unusual direction. I will
describe here a mathematical example of this which is somewhat
unusual in the number of views used, and, particularly, their diversity. The story
I will tell is how the modelling of quasicrystals led, by a circuitous route, to a
classification of the “generalized dihedral” groups, realizable as the subgroups
of SO(3) generated by rotation about the x axis by 27/p and rotation about
the y axis by 27 /q, where p,q > 2.
A discovery was made in 1984 [SBG] of an aluminum-manganese alloy® with
a puzzling characteristic. What was odd about the alloy (since called a quasi-
crystal) was that when its atomic structure was probed by electron diffraction
some of the diffraction patterns looked like those produced by ordinary (crys-
talline) solids — a large collection of dark spots surrounding a big central spot
— except they had 10-fold rotational symmetry about the central spot, known
to be impossible for ordinary crystals from the classification of the crystal-
lographic groups. However a paper had been published two years previously
by the crystallographer Alan Mackay [Mac] showing that if a material had an
atomic structure associated in any simple way with a 3-dimensional version of
the “kite? & dart®” tilings (discussed below) of Roger Penrose, it would exhi-
bit diffraction patterns with just such “forbidden” 10-fold rotational symmetry.
This led to an explosion of work, continuing to this day, mostly by physicists,
crystallographers and discrete geometers, intent on understanding structures
like the Penrose tilings ; the new subject is called “aperiodic tiling”. To proceed
it is necessary to give some background on the Penrose tilings and aperiodic
tiling.

L Alloy — alliage

Kite — cerf-volant

3 Dart — pointe de fleche
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50 C. RADIN

Around 1960 the philosopher Hao Wang was analyzing a class of of predicate
calculus formulas, those which begin with the structure “For all = there exists
y such that for all z...”, ending with a combination of predicates without any
further quantifiers. To analyze such “AEA” formulas he invented [Wan| what
he called the “domino game”, as follows.

Imagine you have some finite collection B of unit square “basic tiles”, for
each of which the four edges are colored in some specific way, not necessarily
all four the same color. The tiles are given with their edges parallel to some
set of orthogonal axes, and you have access to an unlimited number of copies
of each colored tile in B (similarly aligned).

The domino game consists of translating the tiles (without rotation or re-
flection), and abutting® them full edge to full edge (as is usual in a floor tiling)
trying to fill up the whole Euclidean plane, but only allowing edges with the
same color to abut. For some collections B of colored-edge tiles this would be
easy to do — for instance if B contained only one tile, all edges black, while for
some collections it is clearly impossible — for instance if B contained only one
tile, three edges black and one edge white. (Remember we may not rotate the
tiles, so the white edge cannot be placed against another tile.)

Wang considered the question of whether or not there could be an algorithm
for deciding whether any possible finite set B of colored-edge tiles could be
used as the basis for a tiling of the plane. He proved several things. He proved
that if there could be no algorithm for this domino game then there was no
algorithm for deciding whether any possible AEA formula is self contradictory
(his real interest was AEA formulas of course). He also proved that if there was
a set B of colored-edge tiles which could be used to tile the plane but not in
any periodic way, then there could be no algorithm for the domino game and
therefore no algorithm for AEA formulas. (If you associate a tile b; ) with
each point (j, k) in the square lattice Z2, the tiling {biky 1 J, k€ 72} is called
periodic if there exist J, K € Z such that b(; ) = by 7k+k) for all j, k € Z.)
In 1967 Wang’s student Robert Berger published his Ph.D. thesis

4 To abut — abouter

SMF — Gazette — 79, janvier 1999



RASHOMON : PAVAGES ET ROTATIONS 51

[Ber], in applied mathematics, containing an elegant solution : an explicit
example of a set B of colored-edge tiles (a bit more than 20,000 different
tiles) with which one could tile the plane but only nonperiodically.

Wang had by then already proven the undecidability of AEA formulas
by a slightly more circuitous route, but Berger’s counterintuitive example
took on a life of its own. In particular, over the next decade Berger’s
example was simplified more and more, continually reducing the number
of different tiles needed for such an example. Then in 1977 a new sort
of example was produced by Penrose [Gar|, the “kite & dart” tilings.
(Instead of requiring that abutting edges have matching colors, it is
sometimes more convenient to incorporate small bumps and dents in
the edges of tiles, as is done in jigsaw puzzle pieces, to enforce the
requirement that only “matching ” edges abut in a tiling.) The tiles used
in kite & dart tilings are shown in Fig. 1, and a portion of such a tiling L
is shown in Fig. 2, but without showing the bumps and dents.

One feature of tilings such as those of Berger and Penrose is worth
emphasizing. Although there are infinitely many kite & dart tilings dis-
tinct in the sense that no one is a translate of another, this is in a way
misleading. The kite & dart tilings are all “locally identical” in that any
pattern of tiles you find in any finite region of one kite & dart tiling
appears in some region of any other kite & dart tiling; in that sense
there is a (locally) unique but complicated structure being forced by the
information contained in the bumpy edges of the tiles of Fig. 1.

The only essential difference between the tilings of Penrose and those

kite dart

Figure 1. The kite and dart tiles
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of Wang and Berger are that the shapes of the kite & dart tilings are po-
lygons but not unit squares. This has no bearing on the complexity issues
which motivated Wang. But the change in shapes was very significant,
as we will see.

We next consider the “pinwheel®” tilings of the plane, and their connec-
tion with the above. It’s hard to give you a list of the tiles used in pinw-
heel tilings, in the manner of Fig. 1 for kite & dart tilings. But it is
perhaps sufficient to say that they consist of a large but finite number
of different “versions” of a 1-2-/5 right triangle and its reflection ; the
versions differ by the addition of different patterns of bumps and dents
on the edges. A portion of a pinwheel pattern is shown in Fig. 3, again
without including the bumps and dents. In a pinwheel tiling each kind
of tile appears in infinitely many rotational orientations, so in order to
keep the set B of different tiles finite we allow rotation of the tiles when
making the tilings. This was unnecessary for the Berger or Penrose ti-
lings, since we were careful to include in B each tile in each orientation
needed. We now digress to examine this detail.

The pinwheel tilings came about as follows [Ral]. In 1990 I noticed
that in all the known aperiodic tiling examples the tiles only appeared

"Pinwheel — moulinet/moulin & vent, jeu d’enfant
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Figure 2. A Penrose “kite and dart” tiling
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in finitely many orientations. In fact, most of the examples were produ-
ced using a technique due to N.G. de Bruijn [Bru|, based on projection
of a lattice in a high dimensional Euclidean space, which automatically
implies this feature. But I wanted to use these tilings to model materials
[Ra2]. The fact that the structure of the tiling is forced by requiring
that edges fit together, like a jigsaw puzzle, is closely analogous to the
condition of an energy-minimizing state of an ensemble of classical par-
ticles interacting through short range forces. (Imagine that two tiles put
next to one another generate a potential energy of +1 if their abutting
edges do not fit together and —1 if they do. A tiling will then correspond
to an energy-minimizing state.) I was interested in understanding how
this kind of minimization problem in models of solids led to the very
restrictive and highly symmetric structures seen in real materials - ei-
ther ordinary periodic crystals, or these new quasicrystals. And I noticed
that the physics did not require any analogue of the “finite number of
orientations” that was a feature of all the known aperiodic tilings used to
model quasicrystals. So I tried to find an aperiodic tiling model -~ a B ~
which would allow infinitely many orientations. The fact is, it is difficult
to find a collection of finitely many pairwise-noncongruent polygons co-
pies of which can tile the plane using infinitely many orientations. And

Figure 3. 4 pinwheel tiling
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what I needed was such a collection which could only tile the plane that
way ! As a first step, John Conway and I came up with the following
iterative procedure. Start with a 1-2-/5 right triangle, and break it up
into 5 pieces as in Fig. 4.

Use this same rule to break up the 5 pieces, producing the 25 triangles
of Fig. 5.

Note the triangle roughly in the middle (with the dark outline) which
is similar to the outer edge of this collection of 25 triangles. There is a
point P in the interior of that triangle which is the center of the similarity.
Consider the compound process whereby you start with a single 1-2-4/5
triangle, break it up into 25 triangles as in Fig. 5, then expand about
the point P by a linear factor of 5. Repeat the break-up process on each
of the triangles, but expand about the same point P. This process can
be understood as adding more triangles around those already produced.
So repeating it infinitely many times produces a pinwheel tiling of the
plane, a portion of which appears in Fig. 3.

This solved the simpler question, of creating a tiling of the plane using

/ﬂm\

Figure 4. The substitution for pinwheel tiling

%

Figure 5. The pinwheel similarity
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a finite number of pairwise-noncongruent polygons (in this construction 2
triangles; 1 if you allow reflections which I'd rather not do) which uses the
tiles in infinitely many orientations. (tan~!(1/2) is irrational with respect to
7, which implies the number of orientations.) But in order to be useful as a
model for matter it was necessary to have an example which could only tile
that way, a property certainly not shared by these 2 triangles! That was much
harder, and was solved in [Ral]. The point I want to make is that producing
matching rules (edge bumps, or edge colors) for this iterative example was quite
difficult — it takes about 30 pages in [Ral] even to define them — but I felt I
had good enough reason to think they existed to justify the effort. This was
based on several things. First, if aperiodic tilings were to be used as models of
physical systems there could be no restriction that tiles only appear in finitely
many orientations. To me such a restriction was very artificial, offensive to the
physics. So I avoided de Bruijn’s projection technique. And second, there was
a paper of Shahar Mozes in 1989 [Moz| which organized and vastly extended
most of the previous work on Wang (colored-square-tile) tilings in a framework
of ergodic theory, which used this iterative technique. Mozes showed that for
almost any Wang tiling made by such an iterative process there was a way
to make versions with bumps on the edges of the squares so that the squares
could only tile the plane in the way made by iteration. So I decided that if
aperiodic tiling is reasonable for modelling quasicrystals, as seemed to be the
case from all the work following Mackay, and the physics should allow rotation
invariance, and iterative (Wang) tilings automatically had matching rules, then
the pinwheel iterative scheme should have matching rules. It was a mixture of
intuitions drawn from a variety of separate research areas.

This still did not lead immediately to the generalized dihedral groups, which
came about as follows. Thinking about the pinwheel as a model for a (2-
dimensional) quasicrystal, I soon realized that the new feature, the infinitely
many orientations, was in a practical sense invisible. As you look at larger and
larger regions of a pinwheel tiling, the number of different orientations you see
only grows logarithmically with the size of the region. Conway and I thought
about this, and concluded that what was needed was a 3-dimensional itera-
tive tiling, so that the noncommutativity of the rotations could allow algebraic
growth in the number of orientations. That is the origin of the quaquaversal
tilings [CoR]. The relative orientations of the tiles in the quaquaversal tilings
was our first example of a generalized dihedral group. So the study of these
groups first arose to prove that the growth rate in these tilings actually was
algebraic, and then continued [RaS]| to classify all such groups in part to dis-
tinguish between different tilings made by the iterative process.

Note that the generalized dihedral groups are basic mathematical objects;
they could have attracted attention and been analyzed many years ago. They
finally came up naturally enough from 3-dimensional iterative tilings, but only
through significant use of intuition and knowledge from distant research areas
— ergodic theory and condensed matter physics in particular [Ra2|. And it
was not just theorems that were used ; the theorem of Mozes was important,
but just as important was the intuition drawn from condensed matter physics,
in particular the role of symmetries in that subject. For me at least, it has
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often been indispensible to use the intuition developed in such an applied area
to guide me in finding the right path to theorems in pure mathematics. Our
proofs [CoR, RaS| about the generalized dihedral groups are ring theoretic;
but the proofs came much more quickly than realizing the importance of the
groups themselves. To summarize : As in the movie of the title of this article
there can be a significant advantage in considering various points of view of a
complicated phenomenon, and it is not surprising that the further separated
the worlds from which the views originate, the more useful is the contrast.
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Séminaire « Mathématiques Industrie »
G. GAUDRON, T. GALLOUET, E. PARDOUX

Introduction

« Mathématiques Industrie ». Ce séminaire s’adressait essentiellement

& des éléves en thése de mathématiques. Une trentaine de doctorants
y ont participé dont quelques-uns non mathématiciens (mécanique, physique,
informatique), tous originaires des universités de la moitié sud de la France.

L’objectif était voisin de celui des « doctoriales » mais ciblé sur les mathé-
matiques. Il s’agissait surtout de montrer aux doctorants en mathématiques
les possibilités d’insertion en milieu industriel pour des docteurs mathémati-
ciens. Il s’agissait d’autre part de sensibiliser les responsables des formations
doctorales en mathématiques aux débouchés en entreprise pour les docteurs
et aux inflexions éventuelles & apporter au cursus des thésards pour que ceux-
ci soient mieux préparés a d’éventuels débouchés en entreprise. Si le premier
objectif a été correctement atteint, le second ne ’a pas du tout été, puisqu’au-
cun enseignant—chercheur, hormi les organisateurs, ne s’est déplacé malgré les
invitations.

Le financement a été assuré grace a un crédit spécifique du ministére de
I’Education nationale, la participation des laboratoires et formations doctorales
de mathématiques et une subvention de I'université Aix-Marseille 1. L’associa-
tion SDMP, la Mission des Relations Industrielles de 'université Aix-Marseille 1
et le CIRM ont assuré ’organisation matérielle.

D u 15 au 20 mars 1998 a eu lieu au CIRM (Marseille) un séminaire intitulé

Contenu des la manifestation

Le programme contenait plusieurs thémes décrits ci-aprés.

— Connaissance du milieu industriel : plusieurs conférences ont abordé le
théme de l’entreprise dans le méme esprit que celui des doctoriales « clas-
siques » : D. Roux (introduction & Uentreprise), R. Vignes (stratégie de 'entre-
prise), M.D. Pujol (aide a la réflexion sur les compétences et les qualités qu'une
formation par la recherche peut apporter 4 un docteur et a 'entreprise qui 1’in-
téresse). Ces conférences ont été bien pergues et ont provoqué des discussions
animeées et intéressantes.

— Mathématiques en milieu industriel : deux conférences générales ont pré-
senté les mathématiques en milieu industriel. Il s’agissait des conférences de C.
Jablon (point de vue « industriel », les mathématiques dans un grand groupe
industriel : Elf) et de F. Dubois (point de vue d’un universitaire qui a travaillé
10 ans dans une grande entreprise et qui a présenté la pertinence de ’apport
des mathématiciens dans l'industrie). Deux demi-journées ont été consacrées
a des exposés de jeunes doctorants travaillant en milieu industriel et des chefs
de service employant des mathématiciens. Les intervenants étaient issus soit
de grands groupes de secteurs variés (EDF, GDF, Dassault, Aérosopatiale, BNP,
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Bull), soit d’entreprises plus petites comme Gemplus et Principia. Ces exposés
quelque peu informels devaient provoquer des discussions entre les intervenants
et Pauditoire. L’expérience a montré la difficulté de la mise au point de ces
échanges.

Signalons une intervention trés intéressante sur la création d’entreprise avec,
en particulier, la participation de T. Aboud qui a créé une entreprise de cal-
cul scientifique (dans un environnement assez favorable, celui de la pépiniére
d’entreprises de 1’'Ecole olytechnique).

— Visites d’entreprises : une demi journée était consacrée & ces visites
(Banque Martin Maurel, Eurocopter, Francaise des jeux, Immunotech, Pro-
logia). Les doctorants, répartis sur des sites différents, ont pu rencontrer diffé-
rentes personnes, poser des questions et ramener quelques documents. Chaque
visite a donné lieu & un exercice de présentation orale devant 1’ensemble des
étudiants et & un rapport transmis aux entreprises avec les remerciements des
organisateurs.

— FEtude de problémes industriels : afin de sensibiliser les étudiants & ce
que peut étre une étude industrielle, des ingénieurs (issus de la BNP, Bull,
Elf, Eurocopter, Matra Datavision) ont proposé des travaux sur des problémes
industriels tels qu’ils se les posent. Les doctorants ont ainsi pu se confronter
a des problémes « mal posés » et au travail en équipe. Les « industriels » ont
réellement participé a ce travail. Certains d’entre eux sont méme restés toute
la semaine, ce qui a permis des échanges trés fructueux avec les étudiants.

— Posters et cv : il avait été demandé & chaque doctorant participant de
préparer un poster présentant son travail de thése.

Les étudiants ont pu le présenter oralement (en 5mn environ) devant un pu-
blic formé des autres doctorants, des organisateurs (scientifiques et non scien-
tifiques) et des industriels présents ce jour-la. Cette activité a été nettement
appréciée par les étudiants. Les 5 meilleures prestations (en tenant compte de
la qualité du poster et de la qualité de la présentation orale) ont été récom-
pensées. Un exemplaire du premier numéro du Bulletin de la SMF a été offert
a chacun de ces 5 lauréats. A la fin du séminaire, il a aussi été proposé aux

doctorants de fournir un Cv qui pourra étre évalué par un organisme spécialisé.

Conclusion

En conclusion, les doctorants ont semblé trés satisaits par ce séminaire,
comme le montrent les fiches d’évaluations remises a la fin de la semaine. Le
choix du CIRM a aussi été fort apprécié (cadre et accueil parfaits). Du point
de vue des objectifs, le séminaire a bien permis aux participants de mieux
connaitre le milieu industriel, la place des mathématiques et les possibilités
d’insertion des doctorants dans ce milieu. Il semble méme qu’un contact trés
sérieux, qui se conclura peut-étre par une embauche, a été noué entre une
entreprise et un doctorant. On peut cependant déplorer la faible participation
d’enseignants-chercheurs a ce séminaire. Celle-ci est d’autant plus navrante que
les industriels ont de leur coté fait des efforts de présence et d’implication...
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Ce séminaire a confirmé qu’'un flux significatif de docteurs, mathématiciens
tant « purs » qu’« appliqués », devrait pouvoir se faire employer dans l'indus-
trie. Les besoins du codage en algébristes et de la CAO en géométres ont été
notamment évoqués.

Pour intéresser les doctorants & ces débouchés, il faut les leur présenter, soit
a l'occasion de séminaires du méme type, qui pourraient étre organisés dans
d’autres lieux, soit dans le cadre d’activités organisées par les Ecoles doctorales.
Il serait peut-étre aussi souhaitable que les Ecoles doctorales s'impliquent plus
dans la formation « extra-mathématiques » de leurs étudiants (cours de langues
étrangeéres, stages, formation a la recherche d’emploi etc.).

SMF — Gazette — 79, janvier 1999



